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Nomenclature

A = flow cross-sectional area
Ae = exit area
A� = throat area
CD = discharge coefficient
CD;C = discharge coefficient of choked flow
CD;NC = discharge coefficient of nonchoked flow
M = Mach number
Me;sub = subsonic Mach number at the exit
Mthroat = Mach number at the throat
_mact = actual mass-flow rate
_mC = mass-flow rate of choked isentropic flow
_misen = isentropic mass-flow rate
_mNC = mass-flow rate of nonchoked isentropic flow
P = pressure
Pb = backpressure
Pbc = critical backpressure for the onset of choked flow
P� = stagnation (total) pressure
R = mass-based gas constant
T� = stagnation (total) temperature
� = specific heat ratio

I. Introduction

G AS turbine blades, being exposed to high-temperature
combustion gases, are cooled by gas flow fed through holes

that are made along the blades (film-cooling holes of turbine blades)
[1–8]. Each hole for film cooling may be regarded as a (convergent)
divergent nozzle to be referred to as an expanded exit hole (EEH).
Mass- and momentum-flow rates of the coolant at the exit of an EEH
determine how well the coolant shields the blade surface from the
mainstream hot gas. For specified total (stagnation) pressure P� and
total temperature T�, the effectiveness of film cooling is affected by a
magnitude of the backpressure (equal to the pressure at the exit of an
EEH) Pb and such geometric conditions as the minimum cross-
sectional area (equal to the throat area) A� and the exit area Ae. As is
the case with any other type of flow through a restriction of
complex geometry [9], a discharge coefficient is defined for an EEH
[10–26] as

CD �
_mact

_misen

(1)

where _mact is the actual mass-flow rate through an EEH, and _misen is
the mass-flow rate through an EEH under isentropic flow conditions;
the former is measured for a specified EEH, while the latter is
evaluated theoretically for given reservoir and geometric conditions
of an EEH. The magnitude of CD should be less than unity, because
such irreversible effects as gas expansion/contraction and viscous
shear cause deviations from isentropic conditions. However, various
experimental reports in the past maintain thatCD may exceed 1.0 for
an EEH under certain conditions [18,22,25]. This Note proposes a
new definition of CD that is consistent with the flow structure within
an EEH.

II. Theoretical Background

To analyze an EEH, we consider a steady one-dimensional
isentropic flow of an ideal gas (specific heat ratio � � constant) in a
converging–diverging nozzle, with the throat being the location of a
minimum-flow cross section.

With Pb < P�, the flow is subsonic if the Mach number at the
throat (Mthroat) is less than unity. The subsonic flow accelerates
(decelerates) in the converging (diverging) section as the static
pressure P decreases (increases) in the converging (diverging)
section. On the other hand, the flow is choked if the sonic condition is
reached at the throat (i.e.,Mthroat � 1). Under the choked conditions
in which signals generated downstream of the throat fail to reach
upstream, the entire flow in the upstream converging section of the
nozzle is insensitive toflow conditions downstream of the throat (i.e.,
the diverging section), implying that the streamwise pressure
distribution in the converging section remains the same even asPb is
further reduced. Accordingly, the isentropic mass-flow rate _misen that
appears in the denominator of Eq. (1) is different between the
nonchoked flow ( _misen � _mNC) and the choked flow ( _misen � _mC).
The mass-flow rate of nonchoked isentropic flow _mNC may be
expressed in terms of Pb and the exit cross section Ae as

_m NC � P�
�
�

RT�

�
1=2

Ae

�
Pb
P�

���1
2�

��
2

� � 1

���
P�
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���1
�

� 1

��1
2

(2)

The isentropic flow under choked conditions results in

_mC � P�
�
�

RT�

�
1=2

A�
�

2

� � 1

� ��1
2���1�

(3)

It should be noted that _mC is independent of the magnitude of the
backpressure. In summary, flow through a (converging) diverging
nozzle is subsonic with _misen � _mNC if Pbc < Pb < P�, and it is
choked with _misen � _mC if Pb 	 Pbc.

The critical backpressure Pbc in the two relations shown above
may be defined as the backpressure, below which the flow is choked
at the throat. Its magnitude for an isentropic flow through EEH with
the area ratioAe=A

�may be found fromEqs. (4) and (5); the former is
a relation between the area ratio Ae=A

� and the subsonic Mach
number at the exit (Me;sub), and the latter is a relation between a
pressure ratio of Po=Pbc andMe;sub:

Ae
A�
�
�1� ��1

2
M2
e;sub����1�=�2���1��

Me;sub���12 ����1�=�2���1��
(4)
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2
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(5)

Then the definition of the discharge coefficient CD becomes

CD;NC�� CD�Pbc < Pb < P��� �
_mact

_mNC

(6a)

CD;C�� CD�0< Pb < Pbc�� �
_mact

_mC

(6b)

with

CD;C � CD;NC
_mNC

_mC

(7)

The factor _mNC= _mC is a function of Ae=A
�, P�=Pb, and �, as seen

from Eqs. (2) and (3).

III. Discussion of Previous Experimental Results

CD;NC of Eq. (6a) is valid forflow that is not choked at the throat, as
subsonic flow prevails throughout EEH. However, when choked at
the throat, the flow is accompanied by shock waves or expansion
waves downstream of the throat, requiring CD;C of Eq. (6b) as the
definition of the discharge coefficient.

Figure 1 plots P�=Pbc vs Ae=A
�, obtained by solving Eqs. (4) and

(5) for � � 1:4. (Results are similar for gases with � ≠ 1:4.) If the
magnitude of P�=Pb (ratio of the total pressure to the actual
backpressure) is above theP�=Pbc � Ae=A� curve, theflow is choked
at the throat for a specified area ratio Ae=A

�. In this case, CD;C of
Eq. (6b) is the correct form for the discharge coefficient. If, on the
other hand, P�=Pb falls below the P�=Pbc � Ae=A� curve, the
discharge coefficient should be based on Eq. (6a). In relation to
limiting cases of the curve in Fig. 1, there are two extreme cases of
isentropic flow through EEH, in which a pressure change is induced
by an area change: the case of an orifice (i.e.,Ae=A

� � 1) and the case
of a large area change in the diverging section (i.e., Ae=A

� ! 1).
For the case of an orifice, Eqs. (4) and (5) predict that flow becomes
choked (i.e.,Me;sub � 1) at

P�
Pbc


 1:893

��
� � 1

2

� �
��1
; � � 1:4:

�
(8)

For the second case of a large area variation, on the other hand,
the flow becomes choked for a small pressure difference between Po
and Pb:

P�
Pbc

� 1� " �0< "� 1� as Ae=A
� ! 1 (9)

Figure 2 shows experimental results of CD vs P�=Pb by Forghan
[15]. Experimental conditions are flow of air through an inclined
conical EEH, cone angle of 8 deg, inclination angle at cone centerline

of 35 deg from parallel plate surfaces (t� 31 mm), Ae=A
� � 3:42,

and minimum hole diameter of 8.1 mm.
Figure 1 confirms that all measured data points in Fig. 2 are under

choked conditions (P�=Pb � 1:1 with P�=Pbc 
 1:021 at Ae=A
��

3:42) with CD evaluated from Eq. (6b) accordingly.
The discharge coefficient of an EEH for film cooling has also been

studied extensively by other investigators [10,17,19,20,23,25,26].
Their analyses are based onEq. (6a), with no discussion on a possible
presence of shock waves or expansion waves downstream of the
throat. Two cases from previous reports containing sufficient
information for our reevaluation ofCD (shown in Figs. 3 and 4) are as
follows:

1) A data set for a normal (90 deg) flared film-cooling hole
presented in Fig. 6(a) of Hay and Lampard [16] with Ae=A

� � 4:8
and P�=Pb � 1:08 is shown in Fig. 3.

2) A data set for a laid-back fan-shaped hole presented in Fig. 8 of
Gritsch et al. [20] with Ae=A

� � 3:9 and P�=Pb � 1:04 is shown in
Fig. 4.

Figure 1 predicts Po=Pbc �Ae=A� � 3:9� 
 1:015 for case 1 and
Po=Pbc �Ae=A� � 4:8� 
 1:010 for case 2, thus confirming that the
flow is choked over the entire experimental ranges. In analyzing these
two data sets, the values of the discharge coefficient CD;NC at P�=Pb
are read from their figures. Then _mNC [from Eq. (2)], _mC [from
Eq. (3)], and _mact (CD;NC _mNC) are evaluated for each data point to
obtain the relation CD;C ( _mact= _mC) vs P�=Pb.

In Figs. 3 and 4, unfilled symbols are the reported data points
obtained from [16,20], and filled symbols are the discharge
coefficient calculated from Eq. (6b). It is important to note that the
magnitude ofP�=Pbc is very close to unity for the area ratioAe=A

� �
3 (see Fig. 1). For example, at Ae=A

� � 3, the flow is choked for
P�=Pb � 1:027, while at Ae=A

� � 4, the flow is choked for
P�=Pb � 1:015. For both cases 1 and 2 the measured range of the

Fig. 1 Critical pressure ratio (total to critical backpressure) as a

function of exit-to-throat area ratio.

Fig. 2 Discharge coefficient of conical holes for turbine blade film

cooling of Forghan [15].

Hay and Lampard [16]

Hay and Lampard Modified

Fig. 3 Discharge coefficient of Hay and Lampard [16] and its modified

values based on current model.
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pressure ratio P�=Pb is significantly greater than P�=Pbc. For
Pb 
 Pbc, actual flow may not be under choked conditions even
when the isentropic relation of Fig. 1 predicts choked conditions;
however, the critical backpressure found for isentropic flow should
be used as part of theCD definition. It should also be noted that once
the flow is choked, there are two values of the backpressure (subsonic
and supersonic conditions at the exit, respectively) that satisfy the
isentropic formulation. The critical backpressure Pbc corresponds to
the subsonic backpressure as onset of the choked conditions.
Equation (6a), if used forCD evaluations as practiced by all previous
studies on EEHs [10,17,19,20,23,25,26], fails for the backpressure
below Pbc, because 1) one-dimensional isentropic solutions do not
exist in this backpressure region, and 2) irreversible shock or
expansion waves are generated downstream of the throat for real
(nonisentropic or irreversible) flow. It is also mentioned here that the
choked mass-flow rate in Eq. (6b) is derived from isentropic flow
conditions, even though the flow downstream of the throat is
irreversible due to the presence of shock or expansion waves.
The original results (unfilled data points) in Figs. 3 and 4 indicate the
discharge coefficient to be high, exceeding or very close to 1.0 in the
region nearP�=Pb 
 1:1. Probable causes as well as various reasons
for the high values of CD had been extensively discussed before
[6,18,22,23,25,26]. The discharge coefficient after correction (filled
symbols), on the other hand, increases monotonically with the
pressure ratio without violating the requirement of CD < 1:0 under
real flow conditions. In fact, CD variations are similar between the
curve in Fig. 2 and the two curves after correction (filled symbols) in
Figs. 3 and 4. The (normal or oblique) shock front moves
downstream of an EEH as the pressure ratioP�=Pb increases beyond
P�=Pbc, finally being pushed out of an EEH to generate expansion
waves. It is interesting to see that although the irreversibility
associated with the entropy production within a shock wave (with its
thickness of the order of microns) increases as its location moves
downstream, the discharge coefficient improves with the pressure
ratio. This implies that a delayed shock wave serves to improve the
magnitude ofCD and that the shock structure itself does not affect the
actual mass-flow rate as significantly as other nonisentropic effects
such as deviations of 1) the throat area and its location from isentropic
conditions and 2) actual flow structures from the one-dimensional
isentropic flow. Since the two cases in Figs. 3 and 4 are both under
choked conditions, the difference in the discharge coefficient
between the two cases for a specified value of the pressure ratio
represents the two aforementioned effects caused by geometric
conditions of the EEH under investigation. TheCD;C � P�=Pb curve
approaches an asymptote in Figs. 2–4 as P�=Pb increases, which is
due to a downstream shift of the shock wave location with the
asymptotic behavior representing the shock wave being pushed out
of an EEH. A choked flow without a shock wave in EEH is
accompanied by either an oblique shock wave attached to the exit
plane of an EEH or generation of expansion waves downstream of an
EEH. A smooth flow expansion throughout EEH under the absence

of a shock wave results in the magnitude of the discharge coefficient
being independent of the pressure ratio. In contrast to the asymptotic
approach of CD;C to a finite value, if we let P�=Pb !1 (that is, let
Pb ! 0) in Eq. (2) (equation for mass-flow rate _mNC of a nonchoked
isentropic flow), _mNC approach zero (that is, CD;NC !1), since
_mNC (Po=Pb !1) is proportional to �P�=Pb��1=� , another
evidence that the nonchoked isentropic flow conditions fail over a
low-backpressure range.

IV. Conclusions

Anew definition of the discharge coefficient for an EEH [Eqs. (6a)
and (6b)] is proposed to take the choked flow conditions into
consideration. Once the flow through EEH is choked, the isentropic
(ideal) mass-flow rate in the denominator of CD becomes inde-
pendent of the backpressure as well as the combustion gas velocity
over turbine blades. The magnitudes of CD under the definition are
significantly different from the previously reported values, which are
based on the isentropic flow analysis when the flow is not choked at
the throat. The newly defined discharge coefficient increases with
P�=Pb. Its approach to an asymptote depends on the geometric and
hydrodynamic conditions of the EEH under study. However, its
magnitude never exceeds unity, as any real (irreversible) mass-flow
rate is always less than the choked mass-flow rate predicted from the
isentropic flow conditions upstream of the throat. The presence of a
(normal or oblique) shock wave and its location within an EEH
indirectly affect the magnitude of the discharge coefficient as the
shock front alters the flow structure within the EEH. The CD �
P�=Pb relation forms a basis of optimizing the film-cooling strategy
for turbine blades. The definition of the discharge coefficient
proposed in thisNote reflectsmore theoretically consistent isentropic
conditions as well as the flow conditions within an EEH by taking
into account the effects of the change in the flow cross section along
the passage through the EEH. More generally, the present analysis
indicates that cross-sectional area variations and resulting shock
waves play important roles even for compressible flow through a
restricted path, the magnitude of which is of the order of 10 mm.
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